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Abstract
This work is devoted to the analysis of the railway-induced vertical vibrations of simply-
supported double track bridges composed by pre-stressed concrete girder decks. Despite
the low torsional stiffness that this particular deck configuration exhibits, several struc-
tures of this type do exist in both conventional and high-speed railway lines in Spain.
Even though railway administrators recommend the construction of transverse or end
beams bracing the longitudinal girders at the supports in girder bridges, in several oc-
casions these elements are not built in order to accelerate the construction process. The
aim of this study is to evaluate the beneficial effect of installing these transverse beams
on the vertical dynamic response of the aforementioned structures and to determine what
particular bridges are most affected by the presence of these elements. To this end, a
representative ensemble of girder bridges covering a range of span lengths L between 10
m and 25 m has been predimensioned and their dynamic behaviour has been predicted
by a finite element model that adopts common assumptions in engineering practice. Con-
clusions show that installing these elements is particularly relevant in the case of short
(10-12.5 m) oblique bridges with a low number of longitudinal girders for a particular
deck bending stiffness, leading to an important increase of the first torsion and first trans-
verse bending natural frequencies and to a reduction of the structural response. Finally,
experimental measurements on a real bridge belonging to the Madrid-Sevilla high-speed
line are included in the final section to illustrate the theoretical derivations.
Keywords: Railway bridges, bracing beams, bridge dynamics, vertical acceleration,
finite elements
1. Introduction
Regarding the design or upgrading of simply-supported (SS) railway bridges of short-
to-medium span lengths, an issue of concern in high-speed lines is the vertical acceleration
levels at the platform. One remarkable example of its relevance was documented in
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[1], where excessive transverse vibration levels were reported in structures belonging5
to the first European high-speed line, Paris-Lyon. Shortly after the opening, a few SS
bridges of moderate spans (ranging from 14 to 20 m) suffered from ballast destabilization
despite they were designed following the reference regulations at that time (UIC 776-
1R,[2]). Subsequent dynamic analyses and experimental tests performed by the European
Rail Research Institute (ERRI) demonstrated that the vertical accelerations caused by10
resonance effects were responsible for this adverse consequence.
From that time to the present the deck vertical acceleration is one of the most de-
manding specifications for the design or assessment of short SS railway bridges [3], which
constitutes one of the Serviceability Limit States for traffic safety prescribed by Eurocode
(EC) [4] and is limited to 3.5 m/s2 for ballasted tracks. In this context the development15
of sufficiently accurate numerical models capable of predicting the dynamic performance
of the structure becomes crucial for engineers in practical applications.
A number of research works presented in recent years give a further insight on the
accuracy of the approaches commonly used for the estimation of the dynamic response
of railway bridges under train excitation. A better understanding of the key parameters20
affecting the numerical predictions is of great interest in bridge engineering, enabling
to avoid superfluous refinements in the numerical models, which unnecessarily increase
computational costs, and also to improve the design codes. In [5] Moliner et al. ad-
dressed the importance of using three dimensional (3D) plate numerical models and the
effects of including the flexibility of the elastic supports for the evaluation of the vertical25
acceleration levels. Liu et al.[6], Arvidsson et al.[7] and Doménech et al.[8] investigated
the conditions under which train-bridge interaction should be considered for the dynamic
analysis. Cantero et al. [9] investigated the underestimation of the load effects in simply
supported railway bridges under the passage of trains as a result of considering that the
maximum response takes place at mid-span, which is a frequent assumption in bridge30
engineering. Additional studies have also shown that the maximum vertical accelerations
do not necessarily occur at mid-span [10, 11].
However, as stated in previous works [12, 13], the dynamic response of short-to-
medium span SS railway bridges is difficult to predict during the design or upgrading
stages, since it can be significantly affected by the dynamic characteristics of the track35
and the vehicle that are not well known. Additionally, in double track bridges of short
spans, due to their span to width ratios close to unity, the contribution of modes different
from longitudinal bending ones, such as the first torsion and transverse bending modes
with usually close natural frequencies may affect significantly the maximum response
of the bridge [5]. In this regard experimentally testing the structures becomes crucial40
to correctly understand the influence of uncertain parameters and to update realistic
numerical models.
The number of reported experimental campaigns performed on short-to-medium span
SS railway bridges is still scarce unless a particular behaviour of the bridge is expected,
as is the case of portal frames or soil-steel composite railway bridges [14, 15], where45
the soil-structure interaction effects (SSI) can play an important role. Xia et al. [16]
performed a simple experimental campaign on a railway bridge of several SS spans of
24 m length, focusing on the validation of a proposed computational dynamic model for
train-bridge interaction. Rebelo et al. [13] carried out in situ tests on several single
span ballasted railway bridges, showing the existence of important non-linear effects50
associated to the variations of the identified natural frequencies with the amplitude of
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vibration. Velarde et al. [17] studied the dynamic response of a SS, I-girder railway
bridge with a skewed deck. The modal parameters of the structure were first obtained
from experimental tests and a 3D finite element (FE) model was calibrated to simulate
the bridge response under railway excitation, showing a reasonably good correspondence55
with the measured deck accelerations under the passage of a real train. However, due to
the high computational cost of the simulations, a simplified two-dimensional (2D) model
was used to compute the envelope of maximum displacements and accelerations for each
velocity under the circulation of a great number of train compositions, as required by
the European Standards.60
In a previous work the authors of the present manuscript performed an experimen-
tal campaign on a short, double track SS bridge belonging to a high-speed railway line
in Spain [18], with a deck composed of five longitudinal pre-stressed concrete girders.
The bridge was selected due to its prominent obliquity and its dimensions, with a span
length similar to the deck width. Both features along with the eccentricity of the train65
loads, make this structure susceptible to experience a dynamic response with a high
participation of modes different from the longitudinal bending one. Additionally, in a
preliminary numerical evaluation of the bridge [19] an important transverse vibration
response was predicted at the platform. In this work, several FE models which adopt
common assumptions in engineering practice and in accordance with the European Stan-70
dards [4, 20] were updated with the experimental measurements, showing a reasonably
good correspondence in terms of frequencies and mode shapes, and also in terms of the
deck vertical acceleration response under the passage of high-speed trains. However, the
calibration of the first torsion mode and other modes with transverse deformation was
less accurate. In the authors opinion one of the reasons of this miss prediction of the75
transverse behaviour could be associated to the presence of transverse beams bracing the
longitudinal girders of the deck at the supports position, which were not included in the
numerical models.
Transverse bracing beams (Fig.2) are generally reinforced concrete, cast-in-place gird-
ers that are often present along the deck edges at the supports of some SS girder bridges80
of short spans. They facilitate the increase of the spacing between the longitudinal gird-
ers without any thickening of the upper concrete slab. However, their presence leads to
higher construction costs and, for that reason, occasionally these elements are missing
or do not reach the lower face of the slab, lowering their beneficial stiffening effect at the
border. In any case, the influence of these elements on the dynamic response of the deck85
is not well known. Earlier studies have pointed out the importance of considering the
transverse deformations in the free vibration behaviour of certain types of bridges, such
as multi-girder, single-cell and multi-cell box bridges during the design stage [21]. Huang
and Wang analysed the transverse bending of highway multigirder bridges under the
passage of multiple vehicles [22] using the grillage method, Rattigan et al. [23] simulated90
dynamic loads on multigirder bridges using a 3D FE model of the bridge, which was
apparently more realistic than the grillage beam model implemented in previous works.
Finally Deng and Cai [24] proposed simple expressions for calculating the impact fac-
tors applicable to new and existing multigirder highway bridges. In the cited literature,
mainly devoted to highway bridges, the attention is focused on the development of new95
approximate models for the analysis of multigirder highway bridges during the design
stage, and on the main parameters of the bridge affecting the impact factors associated
to stresses and deflections. However, the effect of the transverse bracing beams on the
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modal parameters of the bridge and on the acceleration levels, which is a main concern
in short SS railway bridges, deserves further clarification.100
The objective of this work is to evaluate the effect of the transverse bracing beams on
the dynamic response of SS girder bridges of short-to-medium span lengths and the corre-
lation with other geometric and mechanical properties such as the deck flexural stiffness,
its obliquity and the vertical flexibility of the elastomeric bearings at the supports. The
main results of the study are validated with the experimental campaign performed on an105
existing SS girder bridge that was documented in [18]. The conclusions presented herein
provide an enhanced understanding of the dynamic response of these short structures
and may contribute to the development and validation of safe and accurate numerical
models useful for practical applications.
Figure 1: SS girder bridges of the high-speed railway line Madrid-Seville.
2. Representative ensemble of SS girder bridges for railway lines110
As indicated in [5] pre-stressed concrete girder bridges are becoming less popular in
high-speed lines of new construction due to their lower torsional resistance when com-
pared to other deck geometries. However they are usual in conventional lines and, with
the advent of modern railway transportation systems, these bridges are often conditioned
to higher design speeds. Also the first high-speed railway line in Spain, Madrid-Seville,115
which was opened in 1992, was built with an important number of prestressed concrete
girder bridges.
This type of deck is composed by a reinforced concrete, cast-in-place upper slab
resting over a series of precast prestressed longitudinal girders. The girders lean on the
supports through laminated rubber bearings. In many of these structures the ends of the120
longitudinal girders at the supports are braced by a concrete, cast-in-place transverse
beam of rectangular cross section. These bridges usually cover spans between 10 m and
25 m, with slenderness ratios no higher than 1/13. Fig.1 shows several girder bridges of
the spanish high-speed railway line Madrid-Seville.
In order to numerically evaluate the effect of the transverse bracing beams on the125
bridge dynamic behaviour and also the correlation with the span length, deck obliquity
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and flexibility of the elastomeric bearings, a representative ensemble of double track,
SS girder bridges, covering the range of span lengths between 10 m and 25 m has been
designed for this study. Figure 2 shows a general cross section of the decks, where the
main dimensions of the elements h, dg, hg, ht and additional mechanical properties are130
provided in Table 1.
Figure 2: Cross section of the girder bridges of study. Top: cross section at the abutment; bottom:
intermediate cross section.
For each span length a different number of longitudinal girders (Ng=5 or Ng=6)
is considered. Also, two flexural stiffness ratios L/δ (span length/maximum vertical
displacement under static UIC-71 train loading [20]) are studied: in the range [2000-
3000], representative of conventional lines bridges; and L/δ > 3000, common values for135
high-speed lines structures. The flexibility of the laminated rubber bearings is given in
Table 1 in terms of the vertical stiffness of each elastic support,kv,dyn. In this regard, two
different cases are considered for eack deck: (i) the simply-supported case (SS), neglecting
the flexibility of these elements (kv,dyn=rigid); and (ii) the elastically supported case
(ES), considering a nominal value for their vertical stiffness. Finally, two different levels140
of deck skewness are considered, 0◦ and 45◦. The nominal value for the concrete strength
fck assumed for the cast-in-place elements, i.e. the upper slab and the transverse bracing
beams, is 30 MPa; for the longitudinal girders a value of fck = 50 MPa is considered.
With the aforementioned combinations a total number of 108 girder bridges are pre-
designed, with the main purpose of constituting an envelope of the different SS girder145
bridges that can be found in conventional and high-speed railway lines.
3. Numerical model
The so-called isotropic-plate + beams finite element model developed and fully de-
scribed in a previous work [18] has been used to numerically evaluate the dynamic be-
haviour of the girder bridges (see Fig.3). The main features of the model, implemented150
in the commercial code ANSYS, are the following:
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Span h [m] ht[m]
Longitudinal girders Mass Supports
L/δ
Ng dg [m] hg [m] Ih[m
4] [kg/m] kv,dyn[N/m]
L=10 m
0.25 0.42 5 2.275 0.6 0.01098 19066 rigid, 9.7E8 2049
0.22 0.42 6 2.0 0.6 0.01098 18765 rigid, 8.34E8 2119
0.25 0.41 5 2.275 0.65 0.02150 21395 rigid, 1.57E9 3320
0.22 0.41 6 2.0 0.65 0.02150 21560 rigid, 1.47E9 3740
L=12.5 m
0.25 0.62 6 2.0 0.8 0.02278 19995 rigid, 7.56E8 2229
0.22 0.6 5 2.275 0.85 0.04446 21542 rigid, 1.60E9 3607
0.22 0.61 6 2.0 0.85 0.04339 22100 rigid, 1.31E9 3560
L=15 m
0.22 0.92 5 2.275 1.1 0.03703 19485 rigid, 8.93E8 2154
0.25 0.77 6 2.0 1.0 0.03961 20355 rigid, 7.44E8 2154
0.25 0.80 5 2.275 1.05 0.08258 23221 rigid, 1.54E9 3710
0.25 0.81 6 2.0 1.05 0.07423 23510 rigid, 1.26E9 3657
L=17.5 m
0.25 0.91 5 2.275 1.2 0.09131 22018 rigid, 9.89E8 2506
0.25 0.97 6 2.0 1.2 0.06195 20715 rigid, 6.88E8 2090
0.25 1.01 5 2.275 1.25 0.11476 22745 rigid, 1.22E9 3079
0.25 1.01 6 2.0 1.25 0.11476 24050 rigid, 1.01E9 3495
L=20 m
0.25 1.11 5 2.275 1.4 0.13457 22393 rigid, 9.26E8 2441
0.25 1.17 6 2.0 1.4 0.09029 21075 rigid, 6.42E8 2031
0.25 1.2 5 2.275 1.45 0.17098 23896 rigid, 1.27E9 3387
0.25 1.16 6 2.0 1.45 0.16571 24590 rigid, 1.06E9 3351
L=22.5 m
0.25 1.31 5 2.275 1.6 0.18768 24590 rigid, 8.72E8 2383
0.25 1.31 6 2.0 1.6 0.18768 24078 rigid, 8.27E8 2717
0.25 1.4 5 2.275 1.65 0.23652 24396 rigid, 1.18E9 3387
0.25 1.4 6 2.0 1.65 0.22778 25130 rigid, 9.85E8 3223
L=25 m
0.25 1.41 5 2.275 1.7 0.21812 22956 rigid, 7.26E8 2037
0.25 1.41 6 2.0 1.7 0.21812 24303 rigid, 6.89E8 2320
0.25 1.6 5 2.275 1.85 0.131500 24896 rigid, 1.11E9 3126
0.25 1.61 6 2.0 1.85 0.16087 25670 rigid, 9.23E8 3106
Table 1: Main properties of the girder bridges of study
• The behaviour of the reinforced concrete slab is simulated by means of an isotropic
thin plate discretised with shell elements with 6 degrees of freedom (dof) per node.
The element size is chosen to adequately reproduce the wavelengths of the modes
used in the analysis.155
• Different mass density elements are defined in order to concentrate the weight of
the ballast, sleepers and rails over the platform area.
• The longitudinal girders are included in the model as beam elements with 6 dof
per node. These nodes are connected to those of the upper plate right above them
by means of rigid kinematic constraints. The distance between the plate and the160
beams nodes equals the real separation between the slab neutral plane and the
center of mass of the girders.
• The laminated rubber bearings of the bridge are introduced in discrete positions by
means of longitudinal springs with vertical constant stiffness kv,dyn. The material
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Figure 3: FE model.
damping present in these elements is not included in a first approach as its effect165
on the natural frequencies of the bridges will be very small, and due to the inherent
uncertainty on the determination of this parameter. Instead, this effect is included
in an overall modal damping parameter directly in the modal equations of motion
• A point load model is adopted for the railway excitation, therefore neglecting
vehicle-structure interaction effects. Since the track is not included in the model170
either, when a load enters or exits the bridge a transient phenomenon takes place
due to the presence of the elastic bearings, which leads to unrealistic high-frequency
modal contributions of the plate. This numerical problem has been solved in the
model including the distributive effect of rails, sleepers and ballast during the ap-
plication process of the wheel loads when they are close to the abutments. To this175
end, the value of each axle load is modulated throughout a load-print distributive
function based on the Zimmerman-Timoshenko solution for an infinite beam on
Winkler foundation, as described in [19].
• The dynamic equations of motion are transformed into modal space and numerically
integrated by the Newmark-Linear Acceleration algorithm. The time-step is defined180
as 1/25 times the smallest period used in the analysis (mode contributions up to
30 Hz as per European Standards [20]). This value ensures the convergence of
the solution with the time step, avoiding period elongation errors and enabling
to capture properly the oscillations of the modal loading functions and the peak
responses obtained by the summation of all modal contributions.185
• In contrast with the model used in [18], in this work the transverse bracing beams
of the deck located at the abutments position are included in the model as beam
elements with 6 dof per node, as can be seen in Fig.3. Their nodes are connected
to the upper slab and also to the end nodes of the longitudinal girders through
kinematic constraints.190
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4. Influence of the transverse bracing beams on the dynamic behaviour of
girder bridges: parametric analysis
In the following subsections the effects of the transverse bracing beams on the dynamic
behaviour of the ensemble of realistic bridges of study is evaluated.

































































































































Figure 4: First four mode shapes and frequencies of the bridges of study.
First, a modal analysis is performed on the bridges defined in Section 2 using the195
numerical model previously described. The natural frequencies and mode shapes are
predicted using two approaches: (i) including the transverse bracing beams in the FE
model as seen in Fig.3, and (ii) neglecting the presence of these elements. Finally, the
dynamic response of the bridges under the circulation of the ten HSLM-A trains defined
in Eurocode 1 (EC1) [20] in a wide range of velocities is obtained, with the double200
purpose of (i) evaluating the stiffening effect of including these elements on the bridge
performance, and (ii) appraising the consequences of neglecting their presence in the
numerical model.
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4.1. Natural frequencies and mode shapes
4.1.1. Girder bridges without transverse bracing beams205
Fig.4 shows the first four mode shapes and their natural frequencies for all the girder
bridges studied in this work in the absence of the bracing beams. The fundamental
frequency f1 is always associated to the first longitudinal bending mode. For illustrative
purposes, for each span length and L/δ ratio only one of the two decks (Ng=5 or Ng=6)
shown in Table 1 is chosen: (i) for L/δ > 3000 the decks with highest frequency values210
are selected; and (ii) for L/δ < 3000 the ones with the lowest frequencies are plotted.
With this representation the frequency range considered for each span length as well as
the effect of the deck parameters (obliquity, stiffness L/δ) and supports flexibility on the
natural frequencies can be seen more clearly.
Regarding the plot associated to the fundamental frequency f1, the two solid black215
traces enclose the EC frequency band, which defines a range of bridge fundamental
frequencies within which significant train induced vibrations are not expected in the
structure at circulating speeds below 200 km/h. As can be seen, the predimensioned
girder decks cover a relevant portion of the EC frequency band for each span length. The
f1 plot shows that the obliquity of the deck induces a stiffening effect on the structure,220
leading to an increment of the fundamental frequencies with respect to the straight case.
This effect decreases with the span length. In a similar way, the presence of neoprene
bearings in the calculations (ES cases) leads to a reduction of the fundamental frequency
with respect to the SS cases. As stated before, the frequency variations are less significant
with the increase of the span length.225
The second lowest natural frequency f2, and the subsequent ones, f3 and f4 are
associated, respectively, to the first torsion, first transverse bending and second transverse
bending modes in all the bridges of study. The evolution of f2 under variations of the
skew angle, span length and supports flexibility follows a similar pattern than the one
observed for f1, since in both mode shapes the longitudinal girders bend in a similar way.230
The effect of the L/δ ratios is less relevant than for the frequencies f1 and f2. For higher
frequencies, mode shapes of torsion, longitudinal and transverse bending alternate in an
unpredictable order that depends on the span length and the deck skewness. Fig.5 shows
the rest of the modes up to 30 Hz of two particular bridges of span lengths L=15 m and
L=25 m.235
4.1.2. Effect of the transverse bracing beams
The influence of the transverse bracing beams on the natural frequencies of the decks
is evaluated in what follows as a relative difference between the frequencies of the decks
including these elements (f bracei ) and the frequencies in the absence of the transverse
beams (fi), evaluated as Diff fi(%) = (f
brace
i −fi)/fi×100, where i is the mode number.240
Fig.6 shows the relative differences for the frequencies of the first three modes of all
the bridges of study considering rigid supports. The plots in the first row of the figure
are associated to the bridges with straight decks, and in the second row the frequency
differences associated to the skewed decks are shown. Also different markers and colours
are used for the sake of clarity: the grey colour corresponds to bridges with a stiffness245
ratio L/δ in the range 2000-3000, and the results in black correspond to stiffness ratios
between 3000-4000. Furthermore, the square markers have been assigned to bridges with
Ng= 6 longitudinal girders, whereas diamonds represent bridges with Ng= 5. Note that























































































Figure 5: Modes and frequencies from 5th up to 30 Hz. Spans L=[15 25] m






















































































skew angle = 0º skew angle = 0º skew angle = 0º
skew angle = 45º skew angle = 45º skew angle = 45º
Figure 6: Differences in the prediction of the first three natural frequencies caused by the effect of
the transverse bracing beams for the bridges with rigid supports (kv,dyn=rigid). In grey, decks with
L/δ <3000; in black, decks with L/δ >3000. Square markers, bridges with Ng= 6; diamonds for the
bridges with Ng= 5.
As can be seen from the plots, the presence of transverse bracing beams leads, in250
general, to an increment of the natural frequencies of the deck. This increment is more
noticeable for the modes with significant transverse deformation, such as the first torsion
mode and especially the first transverse bending mode, where the differences may attain
10
















































































skew angle = 0º skew angle = 0º skew angle = 0º
skew angle = 45º skew angle = 45º skew angle = 45º
Figure 7: Differences in the prediction of the first three natural frequencies caused by the effect of the
transverse bracing beams for the bridges with elastic supports. In grey, decks with L/δ <3000; in black,
decks with L/δ >3000. Square markers, bridges with Ng= 6; diamonds for the bridges with Ng= 5.
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Figure 8: Number of modes of frequencies up to 30 Hz in the bridges of study considering kv,dyn=rigid.
Grey columns: transverse beams included; black columns: transverse beams neglected.
values up to 10%. For the fundamental mode the effect of the transverse bracing beams
is very mild, with maximum differences around 1%. The effect of the bracing members255
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is noticeably higher in oblique decks of moderate lengths when compared to straight
structures. Furthermore, the frequency increase affecting the first torsion and transverse
bending modes induced by the transverse elements accentuates in the case of decks with
a lower number of longitudinal girders (Ng = 5) and similar L/δ ratios, especially in
skewed configurations.260
Regarding the bridge span, the main conclusion that can be extracted from the para-
metric analysis is that for the longest bridges the frequency variation induced by the
bracing members is almost not affected by the number of longitudinal girders Ng or by
the deck flexural stiffness L/δ, having these factors much more influence in the case of
short or intermediate lengths. This conclusion applies regardless of the deck boundary265
conditions and the level of obliquity.
Fig.7 shows the frequency differences obtained in the bridges when considering the
vertical stiffness of the neoprene bearings. As can be seen, the conclusions are similar to
those corresponding to rigid supports cases. Therefore, the relation of the flexibility of
the elastic supports with the effect of the transverse bracing beams on the prediction of270
the natural frequencies can be considered negligible in the range of vertical flexibilities
typical for these structures. In general, the results of Fig.6 and Fig.7 show that the effect
of the transverse bracing beams on the prediction of the natural frequencies of the first
two modes (longitudinal bending and first torsion) appears to be more significant for
the skewed decks, the shortest spans (L= 10 m) and the smallest number of longitudinal275
girders (Ng = 5). The highest differences in these bridges have been found for the
stiffness ratio L/δ in the range 2000-3000, with values that attain 1.1% and 5.3% for
the frequencies of the first and second mode, respectively. Only for the third mode the
maximum frequency difference takes place for the longest span reaching 14% with limited
effect of the deck flexural flexibility and the number of longitudinal girders.280
Finally, the variation of the mode vectors caused by the introduction of the transverse
bracing beams is evaluated in this work in terms of the Modal Assurance Criterion (MAC)
[25], as an indicator of the level of correlation between the mode shapes predicted in any
of the bridges of study by the numerical model that considers the transverse bracing
beams and the modes obtained in the numerical model without them. MAC values vary285
from 0 to 1; MAC=1 implies perfect correlation between the two mode vectors (one
vector is proportional to the other), while a close to zero MAC value indicates that the
modes are not correlated (orthogonal modes). The results are summarized in Fig.8 for
the bridges of study shown in Table 1 neglecting the vertical flexibility of the rubber
bearings (kv,dyn=rigid). The columns of the plots indicate de number of modes below290
30 Hz for the bridges that include the transverse bracing beams (in grey color), and
also for the same bridges but neglecting these elements (in black). There are 4 columns
associated to each span length, excepting the case L = 12.5 m. These correspond to
each of the bridges defined in the rows of Table 1, which appear in the plots from left to
right. As can be seen the number of modes with frequencies below 30 Hz, which are the295
ones required to perform a dynamic analysis as per European Standards [4], is in general
lower for the bridges with transverse bracing beams due to the increase of the natural
frequencies.
Fig.8 also provides information on the level of correlation between the mode shapes
obtained in a certain bridge with the transverse beams and without them. The red300
horizontal line marked in each of the columns indicates the number of modes that are
paired with a MAC value higher than 0.96, implying a very high similarity of the modes.
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Since only the mode contributions up to 30 Hz are considered, the maximum number
of paired modes cannot exceed the number of mode contributions below 30 Hz for the
bridges that include the transverse beams (grey columns). As can be seen at least four305
modes in all the bridges are paired with MAC > 0.96, which is in accordance with the
observations illustrated in Fig.4: the transverse bracing beams have a negligible influence
on the curvatures and shapes of the first four modes. In the bridges with the shortest
spans (L =10 m and L=12.5 m), most of the mode contributions below 30 Hz are paired
with high accuracy. However, as the span length increases and so does the number of310
mode contributions below 30 Hz, the ratio of paired modes with respect to the total
number of modes below 30 Hz worsens. As can be seen in Fig.8, for the longest spans the
straight decks exhibit a better behaviour concerning the mode pairing. In other words,
the effect of the transverse beams on the mode shapes is more noticeable as the span
length increases. For the sake of conciseness the results obtained when the flexibility of315
the elastic supports is considered are not shown in this work, since analogous tendencies
are observed.
4.2. Dynamic response under high-speed traffic
The vertical response in terms of accelerations of the girder bridges is computed in the
time domain at 25 points equally spaced over the track platform (Fig.9), and under the320
circulation of the ten HSLM-A trains defined in EC1 in a range of velocities between 200
and 420 km/h in 3.6 km/h steps. Two analyses per bridge deck have been performed, one
is done including in the numerical model the transverse bracing beams as seen in Fig.3
and a second analysis is performed neglecting the presence of these elements. From these
results envelopes of maximum acceleration at the deck platform have been computed325
for each numerical model, speed of circulation and postprocess point; these maximum
acceleration levels take place in all the cases at the points located at midspan (points C1
to C5), showing the predominant contribution of modes with one half-sine wave along
the load path on the vertical response.
The level of similarity between the acceleration envelope predicted with the transverse
bracing beams (abracemax ) and the corresponding results obtained when these elements are
not considered (amax) are compared, at each circulating speed, as a relative difference
according to the expression,






Some of the results that exhibit the highest differences are shown in Fig.10 and 11330
(for conventional bridges with L/δ < 3000) and in Fig.12 (for high-speed bridges with
L/δ > 3000), grouped per span length. Starting with the bridges with lower flexural
stiffness, in Fig.10 the plots on the left correspond to the relative differences predicted
in the bridges of 10 m (top) and 15 m (bottom) of span length, with a L/δ ratio lower
than 3000. For the span length of 10 m the highest differences have been obtained in335
the bridges with rigid supports; for the 15 m span bridges, in the cases with elastic
supports. The four series represented in the plots correspond to the following cases:
(i) black and grey markers are associated to bridges with 5 and 6 longitudinal girders,
respectively; (ii) straight bridges are represented with square markers while the response
of skewed structures is showed using diamonds. Furthermore, relative differences derived340
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Figure 9: Post-process points for vertical accelerations.
from acceleration values below 3.5 m/s2 have been excluded from the plot, since they
are not relevant for the verification of the Serviceability Limit State (SLE) associated to
traffic safety according to EC.
For a better understanding and interpretation of the relative differences shown in
Fig.10, on the right side the envelopes of maximum vertical acceleration predicted in345
a particular bridge including the transverse bracing beams (black trace) and neglecting
them (red trace) are plotted versus the speed of circulation. For each span length (L=10
and L=15 m) two representative bridge examples of the maximum positive and negative
relative differences have been selected.
As can be seen in Fig.10, for the bridges of 10 m of span length the relative differences350
are mainly positive, implying that the introduction of the transverse bracing beams has
a beneficial effect reducing the maximum vertical acceleration levels. The bridges most
affected in this regard are skewed structures with the lowest number of longitudinal gird-
ers (Ng=5), for a comparable overall flexural stiffness of the deck. Maximum reductions
higher than 20% have been obtained for the skewed deck with 5 longitudinal girders. The355
acceleration envelopes of this particular case (right side of the figure), show more clearly
the beneficial effect of the bracing beams in all the range of speeds, being the differences
between the curves higher at speeds far from the resonance peaks. This is related to the
frequency variations shown in the previous section: the resonances shown in the plot are
associated to the fundamental mode, the frequency of which remains almost unaffected360
by the introduction of the transverse beams and, for that reason, the differences between
models are lower at resonant speeds. For other deck configurations of the same length,
the relative differences are significantly lower. Similar conclusions can be extracted from
the 12.5 m case (not shown).
In the bridges of 15 m of span length also relative differences above 20% are obtained.365
However, as seen on the acceleration envelopes, the positive effect of the transverse brac-
ing beams on the acceleration response is not so clear, and significant relative differences
of negative sign appear in these cases. As it is well known, apart from the frequency
variations caused by the introduction of the transverse bracing beams, there are other
14
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Figure 10: Relative differences in the prediction of the vertical acceleration envelopes caused by the
effect of the transverse bracing beams for the bridges L=[10 15] m with L/δ <3000.
factors affecting the dynamic response, such as the number of mode contributions and370
their amplitude at both the post-processing points and along the loading path. The
combination of all these factors influences the dynamic response in a way that it is more
difficult to anticipate as the number of mode contributions included in the analysis in-
creases. This type of phenomenon is also observed in other intermediate lengths, such as
17.5 (not shown) and 20 m (Fig.11).375
For the longest analysed bridges of 22.5 (not shown) and 25 m (Fig.11) the stiffening
effect of the bracing members is less relevant than in the previous cases. Furthermore, the
correlation of the deck configuration and geometry in terms of the number of longitudinal
girders or the degree of obliqueness with the effect of the transverse bracing beams is not
15
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Figure 11: Relative differences in the prediction of the vertical acceleration envelopes caused by the
effect of the transverse bracing beams for the bridges L=[20 25] m with L/δ <3000.
an issue, conversely to what occurs in the shorter structures.380
The envelopes shown on the right side of Fig.10 and Fig.11 reveal considerably high
levels, with peak values close to 20 m/s2 for the shortest spans. It should be noted that
these acceleration levels take place at very high speeds (V>350 km/h) and for the most
flexible structures with L/δ <3000, which in practice do not belong to high-speed lines.
Finally, in Fig.12 the acceleration maximum relative differences are once again repre-385
sented for the same lengths for the bridges with flexural stiffness attributable to structures
belonging to high-speed lines (L/δ >3000). The acceleration levels are significantly lower
in the range of velocities analysed, as it should be expected, with maximum peak values
below 10 m/s2. The effect of the bracing members is only relevant at high speeds (V>300
16
km/h), unlike in the previous case. Nevertheless, the following can again be concluded:390
(i) the beneficial effect of the bracing members is especially evident for the shorter spans
(10 and 12.5 m) and for the skewed cases with a low number of longitudinal girders (5);
(ii) the maximum response of the longest bridges (20 to 25 m) is less affected by the
presence of these elements and, in any case, the number of longitudinal girders or the
degree of obliqueness is not an issue in these cases.395
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Figure 12: Relative differences in the prediction of the vertical acceleration envelopes caused by the
effect of the transverse bracing beams for several bridges with L/δ >3000.
It is also important to notice that Fig.10, 11 and 12 show, indistinctly, the results
associated to bridges that include or neglect the flexibility of the elastomeric bearings in
the numerical models. In the figures the choice of one approach or another is only made
for illustrative purposes, since the relation of the supports flexibility with the effect of
the transverse beams on the acceleration response is not relevant in the range of realistic400
vertical flexibilities of these supporting elements.
17
5. Case study: Arroyo Bracea I bridge
Figure 13: Arroyo Bracea I bridge.
SEVILLA
Figure 14: Sensor location in Arroyo Bracea I bridge
The experimental campaign performed in the past by the authors on a short SS
girder bridge [18] is used in this section to validate the previous observations regarding
the effect of the transverse bracing beams on the dynamic behaviour of these structures.405
The structure under study, designated as Arroyo Bracea I, is a double ballasted track
railway bridge that belongs to the first high-speed railway line opened in Spain in 1992,
Madrid-Seville (see Fig.13). It is composed by two identical SS bays with a span length
of 15.25 m, and crosses the Bracea stream with a 45◦ skew angle. Each deck consists of a
25 cm thick, 11.6 m width concrete slab resting over five prestressed concrete longitudinal410
I girders. The girders rest on the supports through laminated rubber bearings. As per
the substructure, the bridge deck is supported on reinforced concrete abutments in its
outermost sections and on a pile foundation in the inner ones. At the supports position,
18
Span L [m] h [m] ht[m]
Longitudinal girders Mass Supports
L/δ
Ng dg [m] hg [m] Ih[m
4] [kg/m] kv,dyn[N/m]
15.25 0.27 0.77 5 2.275 1.05 0.08802 28355 1.4E9 3847
Table 2: Main properties of Bracea I bridge
the ends of the longitudinal girders are tied to one another with a cast-in-situ transverse
bracing beam. Table 2 shows a general description of the geometry and the updated415
mechanical properties used in the numerical models. More details can be found in [18].
The experimental campaign on this bridge, performed in July 2016, included a dy-
namic characterisation of the soil and of the structure. For a detailed description of the
experimental tests results the reader is referred to [18]. As regards the structure, the
acceleration response was measured at 11 points of the lower flange of the pre-stressed420
concrete girders (points 1-11 in Figure 14) and at the abutment upper horizontal surface
close to the girders support (point 12 in Figure 14). Endevco model 86 piezoelectric
accelerometers with a nominal sensitivity of 10000 mV/g and a low frequency limit of
0.1 Hz are installed in the aforementioned locations.
5.1. Modal parameters425
The ambient vibration data registered during the experimental campaign was used
for the identification of the modal parameters of the bridge by state-space models, using
MACEC software [26]. Table 3 shows the damping ratios and natural frequencies of the
five identified modes (fexp), where the lowest ones in frequency order correspond to the
first longitudinal bending, first torsion and first transverse bending mode shapes. The430
Modal Phase Collinearity (MPC) [27] provided in Table 3 shows the consistency of the
identified structural modal parameters, with values higher than 0.95.
Mode number fexp [Hz] MPC [-] ξexp[%] fnum [Hz] fnum,brace [Hz] MACexp,num [-] MACexp,brace [-]
1 9.25 0.99 2.0 9.13 9.15 0.95 0.96
2 10.63 0.97 1.61 9.86 10.15 0.93 0.93
3 12.75 0.99 1.30 11.83 12.73 0.95 0.96
4 17.92 0.99 0.80 16.71 18.77 0.96 0.95
5 24.57 0.99 0.95 24.62 28.00 0.98 0.96
Table 3: Experimental and numerical natural frequencies, experimental modal damping ratios, Au-
toMAC and MPC values.
The table also shows the numerical natural frequencies predicted by the updated
FE model using two approaches: neglecting the transverse bracing beams of the bridge
(fnum) and including them (f
brace
num ). MAC numbers are also provided. As can be seen,435
the correspondence between the experimental measurements and the numerical predic-
tions is reasonably accurate in terms of frequencies and mode shapes. The presence of
the transverse bracing beams induces a deck stiffening effect which affects to a greater
extent the modes leading to a significant transverse bending of the deck (in this case,
all the modes different from the fundamental). In virtue of this effect, the prediction of440
the second and third frequencies, corresponding to the first torsion and first transverse
bending modes, is significantly improved when the transverse beams are included in the
19
numerical model. Conversely, the prediction of the fifth natural frequency worsens with
respect to the model without transverse beams. As a result, the numerical model that
neglects the transverse bracings predicts the deck natural frequencies with errors lower445
than 8% for the first five modes. When the transverse beams are included the errors are
lower than 5% for the first four ones; however the prediction of the fifth natural frequency
worsens significantly, with an error of 14%. The frequency differences between the two
numerical models are in accordance with the observations of Section 4.1 for similar span
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Figure 15: Experimental (black solid line) vs. numerical with transverse bracing beams (red dotted line)
and numerical without transverse bracing beams (blue dotted line) first five identified mode shapes.
Undeformed shape (dashed grey line).(For best interpretation of this figure traces, the reader is referred
to the web colour version of this article.)
Fig.15 shows the first five mode shapes of Arroyo Bracea I bridge. As the mode
number increases the shape is not clearly distinguishable due to the reduced number of
measurement points in the experimental campaign with respect to the mode wavelength.
However, according to the numerical predictions, the fourth and fifth mode correspond to
transverse bending mode shapes of increasing number of half sine waves. The influence455
of the transverse bracing beams on the eigenforms is almost negligible, as can be derived
from the observation of the MAC values. Both numerical approaches provide MAC
values higher than 0.95 for all the modes different from the first torsion one, in which the
MAC value attains 0.93 and is not improved by the presence of the transverse bracing








d [m] P [kN] d [m] P [kN] d [m] P [kN]
Axle 1 3.51 147 Axle 21 4.9 145 Axle 1 4.4 180
Axle 2 2.5 147 Axle 22 2.5 145 Axle 2 2.8 180
Axle 3 14.875 141 Axle 23 14.875 155 Axle 3 7.85 180
Axle 4 2.5 141 Axle 24 2.5 155 Axle 4 2.8 180
Axle 5 4.9 149 Axle 25 4.9 154 Axle 5 6.67 156
Axle 6 2.5 149 Axle 26 2.5 154 Axle 6 8.97 161
Axle 7 14.875 149 Axle 27 14.875 155 Axle 7 13.14 170
Axle 8 2.5 149 Axle 28 2.5 155 Axle 8 13.14 167
Axle 9 4.9 149 Axle 29 4.9 148 Axle 9 13.14 159
Axle 10 2.5 149 Axle 30 2.5 148 Axle 10 13.14 166
Axle 11 14.875 143 Axle 31 14.875 153 Axle 11 13.14 166
Axle 12 2.5 143 Axle 32 2.5 153 Axle 12 13.14 170
Axle 13 4.9 134 Axle 13 13.14 166
Axle 14 2.5 134 Axle 14 13.14 170
Axle 15 14.875 131 Axle 15 13.14 166
Axle 16 2.5 131 Axle 16 8.97 163
Axle 17 4.9 129 Axle 17 6.67 180
Axle 18 2.5 129 Axle 18 2.8 180
Axle 19 14.875 135 Axle 19 7.85 180
Axle 20 2.5 135 Axle 20 2.8 180
Renfe S103 Renfe S130
Figure 16: Trains coach distribution and axle schemes
5.2. Train-induced vibrations
During the experimental campaign performed on Bracea I bridge the deck vertical
response was registered under the circulation of several high-speed trains. Two of these
trains, RENFE Class 103 (ICE 3 or S103) and 130 (Talgo 250 or S130) are particularly465
interesting due to their speeds of circulation: the circulating velocity of S103 is 279 km/h,
in the vicinity of the theoretical third resonance speed of the fundamental mode caused
by the axle passengers cars (275 km/h); and S130 circulates at 247 km/h, which is also
close to a second resonance speed of one of the modes most affected by the transverse
bracing beams, the second mode (251.4 km/h). This resonance is also associated to the470
axle distance in the passengers cars. The bridge response under the circulation of S103
and S130 trains is presented below.
RENFE Class 103 is a train with distributed traction and powered bogies located in
alternate carriages, being the coach distribution a-6xb-a (eight cars, with an integrated
driver and passenger car at each end). RENFE Class 130 has two power cars, with a475
coach distribution L-a-9xb-a-L. Figure 16 shows the axle schemes and coach distribution
of both trains.
Fig.17 and 18 show, respectively, the vertical acceleration response under the passage
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of S103 and S130 trains at different points of the deck, in particular points 5 (mid-
span girder number 1), 6 (mid span girder number 3) and 10 (second abutment girder480
number 3). The response is plotted in the time domain (first row of the figures) and
frequency domain (last row of the figures). In all the plots the experimental signal,
plotted in solid black trace, is filtered applying a two third-order Chebyshev filter with
high-pass and low-pass frequencies of 1 Hz and 30 Hz. The numerical predictions, plotted
in blue for the model neglecting the transverse bracing beams and in red colour for the485
numerical response including them, are calculated by mode superposition including modal
contributions up to 30 Hz as per European Standards [4].
As can be seen from the frequency domain plots the vertical acceleration response of
the bridge is caused by several mode contributions apart from the longitudinal bending
one. The length to width aspect ratio along with the deck obliquity contribute to a490
dynamic response different from that of a beam type structure. In addition to the peaks
associated to structural modes, the frequency contributions associated to the excitation
and corresponding to the bogie passing frequency (4.5 Hz for S103 in Fig.17 and 5.2
Hz for S130 in Fig.18) are visible in all the measurement points. The amplitude of the
excitation peaks is higher for the S130, which can be attributable to its particular axle495
scheme, with a lower number of axle per passenger car when compared to the bogie
distribution of S103 (Fig.16).
In Fig.17 the resonance induced by the passage of S103 train is particularly clear in
the time history plots, specially at points 5 and 6, due to the progressively increasing ac-
celeration response of the structure with the axles passage. Additionally, in the frequency500
domain plots the peak associated to the resonant mode (the fundamental) predominates
when compared to the other frequency contributions. By contrast however, the previ-
ously mentioned characteristics of a resonance situation are not so well distinguishable
in Fig.18. In the frequency spectrum the peak associated to torsion is more perceptible
at point 5 than in the other records, which is in accordance with the sensor location.505
However, its amplitude is not predominant and the participation of several modal con-
tributions different from the resonant mode are clearly perceptible. This fact can be
attributed to the presence of a theoretical cancellation of the resonance condition in the
vicinity of the circulation speed of S130 [28, 29]. In addition, the frequencies associated
to the vehicle system (car-bodies masses), as it is the case of the vertical frequency of the510
primary suspension system np, which reaches 9.64 Hz for S130 train passenger coaches
bogies [30], is close to the torsion mode frequency. Therefore a certain reduction due to
vehicle-structure interaction should be expected. In the previous case, np=5.84 Hz for
S103 train [30], therefore the interaction with the vehicle should be much lower.
Fig.17 and 18 reveal that the numerical predictions are reasonably accurate with515
both models, especially for the sensors located at mid-span (points 5 and 6) and in the
frequency range 1-13 Hz, which is the frequency interval of the first three modes of the
structure. The models predictions differ to a higher extent at higher frequencies, and
this is consistent with the frequency variations observed in Table 3. The frequency peaks
associated to the excitation (the bogie passing frequency) and also the corresponding to520
the first structural mode are well predicted by both numerical models. Regarding the
contribution of the fundamental mode, both models predict the amplitude of this peak
with a similar level of accuracy, leading to a certain overestimation with respect to the
experimental measurements at points 5 and 6, which is more visible at resonance (Fig.17).
This is in accordance to the train-bridge interaction effects, that are not considered in525
22













































































































































Figure 17: Time history (a,b,c) and frequency content (d,e,f) of the acceleration at point 5 (a,d), point 6
(b,e) and point 10 (c,f) induced by S103 Renfe class train: experimental (black line), numerical without
transverse bracing beams (blue line) and numerical with transverse bracing beams (red line).(For best
interpretation of this figure traces, the reader is referred to the web colour version of this article.)



















































































































































Figure 18: Time history (a,b,c) and frequency content (d,e,f) of the acceleration at point 5 (a,d), point 6
(b,e) and point 10 (c,f) induced by S130 Renfe class train: experimental (black line), numerical without
transvere bracing beams (blue line) and numerical with transverse bracing beams (red line).(For best
interpretation of this figure traces, the reader is referred to the web colour version of this article.)
the numerical models and may cause a reduction of the dynamic response, and also with
the non-linear nature of structural damping, as stated in previous works [8, 31]. At point
23
10, where the previous effects are less significant due to the lower level of vibrations,
the presence of the transverse bracing beams in the numerical model does not improve
the predictions with respect to the model without them. At the abutments other effects530
could prevail, such as soil-structure interaction that is not considered in the models, or
the distributive effect of the track components, which is is included in the numerical
models in a simplified approach. In Fig.18, where the contribution of the torsion mode
is more perceptible in the frequency spectrum of point 5, it is clearly seen that the
model with transverse bracing beams predicts this peak more accurately than the model535
without them. This fact can be explained by the better correspondence in terms of
torsion frequency with the experimental measurements.
In general, at the points far from the abutments (point 5 and 6) both numerical
models tend to overestimate the dynamic response, specially at resonance. Close to
the abutments (point 10) the acceleration response is, in general, underestimated by540
the numerical models with the exception of the results at point 10, shown in Fig.17,
where the acceleration predicted by the model with transverse bracings in the time
domain shows a similar amplitude with respect to the experimental response. This
underestimation effect has been observed for the other trains passages recorded during
the experimental campaign, which none of them induced resonance on the structure.545
It may be concluded that the consideration of the transverse bracing elements in the
numerical model of the bridge deck improves the prediction of the forced response when
modes such as the first torsion or transverse bending modes contribute significantly
to the response. Nevertheless, in the particular case of Arroyo Brace I bridge, with
an intermediate length, the differences in the maximum vertical acceleration predicted550
values are not determinant, as expected from the conclusions derived from section 4.2.
6. Conclusions
The dynamic behaviour of short SS pre-stressed concrete girder bridges and the effect
of transverse beams bracing the longitudinal girders at the deck end sections is inves-
tigated in this work. In particular, the stiffening action of these elements and their555
influence on the modal parameters of the structure and on the train induced vibration
response is addressed. First, a comprehensive sensitivity analysis is designed and per-
formed with the aim of evaluating the effects of the aforementioned elements covering
a representative portion of realistic girder bridges which exist nowadays in conventional
and high-speed railway lines. To this end, a representative ensemble of 108 double track560
SS girder bridges, with span lengths ranging from 10 m to 25 m and, different deck
obliquity levels, number of longitudinal girders, deck flexural stiffness and flexibility of
the elastic bearings, is predesigned for this study. Subsequently, the modal behaviour
and the maximum expectable vertical acceleration response under high-speed traffic is
computed numerically, following the European prescriptions (Eurocodes), and the effects565
of the transverse bracing elements and the correlation with other deck parameters is
evaluated. The main conclusions of the study are:
• The presence of transverse bracing beams leads to an increment of the natural
frequencies of the structure, which is more noticeable for the mode shapes with
significant transverse deformation, such as the first torsion and the first transverse570
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bending modes. In the first three modes of all the analyzed bridges, which cor-
respond to a first longitudinal bending, first transverse bending and first torsion
modes, maximum increments reach 1%, 5% and 14%, respectively.
• Oblique decks of short to moderate span lengths (10-12.5 m) are the most affected
by the frequency increase caused by the transverse bracing beams. Furthermore,575
in the cited deck configurations this effect accentuates for the first torsion and first
transverse bending mode if the smallest number of longitudinal girders is considered
(5) for a similar deck flexural stiffness. Conversely, for the longest bridges the
frequency variations induced by the bracing members remain roughly unaffected
by the deck parameters (number of girders or deck flexural stiffness).580
• The relation of the flexibility of the elastic supports with the effect of the transverse
bracing beams on the prediction of the natural frequencies is not relevant in a
realistic range of vertical flexibilities for the bearings.
• The variation of the mode shapes of the bridge with the introduction of the trans-
verse bracing beams is more noticeable as the frequency and span length increase.585
In all the bridges, MAC values above 0.96 have been obtained for the first four
mode shapes of the decks including and neglecting the transverse beams in the
numerical model.
• In terms of expectable maximum vertical accelerations at the deck level under the
passage of high-speed trains, a beneficial effect of the presence of the transverse590
beams is evident for the shortest spans (10 and 12.5 m), especially in the case of
skewed decks with a small number of longitudinal girders. For the longest spans
the maximum acceleration response is not especially affected by these elements,
and the deck obliqueness or number of longitudinal girders does not modify this
latter observation.595
The previous conclusions have been validated with the measurements from an ex-
perimental campaign performed on a SS girder bridge of moderate span (L=15.25
m) belonging to a high-speed railway line in Spain. The variations of the natural
frequencies and mode shapes caused by the introduction of the transverse bracing
beams in the numerical models are of the same order than the ones observed for600
the ensemble of girder bridges with similar characteristics. Due to the stiffening
effect of the transverse beams, the calibration of the first torsion mode of the bridge
is more accurate, in terms of frequencies, when the transverse bracing beams are
included in the numerical model. However, the influence of these elements on the
prediction of the vertical acceleration levels is not significant, as observed in the605
studied bridges of moderate spans.
According to the previous results, a general recommendation can be derived for
the modelling of girder bridges: in short (10-12.5 m) and oblique bridges with
a low number of longitudinal girders, the introduction of the transverse beams
in the numerical models is beneficial for model updating since a more accurate610
calibration of the natural frequencies is expected. As indicated above, this effect is
more relevant for modes that lead to a significant transverse bending of the deck,
25
as is the case of the first torsion mode. As a result the prediction of the train-
induced vibrations can be improved in situations where resonances of these modes
are expected.615
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